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TECHNIQUES OF
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a number of important techniques:
indefinite integrals of more complicated functions

* how to change unfamiliar integrals

 findin a table,
e evaluate with a computer.
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Basic integration formulas
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du =u+ C

. fkdu =hku+ C (any number k)
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[du+du)=fdu+/du

1I",_n+l
u" du = +C (n#—1)

n+ 1

% =In|u| + C
sinudy = —cosu + C
cosudu = sinu + C
sec’udu = tanu + C

2
cscudu = —cotu + C

secutanudu = secu + C

cscucotudu = —cscu + C

tanudu = —In |[cosu| + C

= In |secu| + C

—
e

—
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cotudu = In |sinu| + C

—In |cscu| + C

e"du=¢e"+C

=

a
adu =

Ina

sinh u du =

+ C (a

coshu + C

coshudu = sinhu + C
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Evaluate f sin(3x + 5) dx

Let u = 3x + 5.
Then du = 3 dx.

fsin(3x+5} dx =fsin(u)c:|3_“
=1§ sin(u) du

= %[-cns(u}] +C

15 (- cos(3x + 5)] + C



Completing the Square

] dx
WEBx — x°

/ dx _ / dx
VERx — ¥ V16 — (x — 4)

— ] dﬂ il 4. u | X 4.
-"-,'_.-HE . HE .:.'I||' ax

= sin | (%) + C = sin”’ (
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Reducing an Improper Fraction

Ix° — Tx
[ 2

Ix? — Ix . 6

T e S R

2
*"*2 x4+ 2Iln|3x + 2| + C.



Separating a Fraction

/ 3?,-+z "
V1 — x?

/ 3?’._'_22::{1’:3] __'rdl,l+2] :d:u; _
V1 —x V1 —x° V1 —x

] ET i E,,Ifl = 3V1 —x+ 2sin'x + C.
W1 —x°




Integration by Parts

4 [f(x)e@)] = f'(@elx) + fx)g'(x).

[ fueeena = [ 1@ew + g @i

f F)g'(x) dx = f(x)elx) — f F(x)glx) ds

fu.:iu=uu—/unfu



Using Integration by Parts

f:n:-:nsx:ir.
ﬁ:rnnulﬂ/mfu = Nv —fudu

H = X, dv = cosx dx,

du = dx, ' = SInX.

[}:cﬂﬂxit =:~:5in:::—[5inx:ir=xsinx+cnsx+ C.



Using Tabular Integration

[ xoe” dx.

fix) = x* and g{x) = &

flx) and its derivatives

#(x) and its integrals

]IEL{I—IE — 2xe* + 2t 4+ C



Evaluate the following integral.

Ij xe®* dx

szef’"dx—ieﬁ‘ ——I e
-1

2 2
:Eeﬁx _Leﬁx
6 |, 36 |,
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Integration of Rational Functions by Partial Fractions

how to express a rational function (a quotient of polynomials) as a sum
of simpler fractions, called partial fractions, which are easily integrated

j Sx411 0 axenl 4

»¥_x—6 *-x—6 x-3 x+2

[l g (41,
»=—x-5 x—3 x+4Z

=4ln |z—3‘—lﬂ‘:r +2‘+.~:‘




Method of Partial Fractions ( f(x)/g(x) Proper)

1.

Fad
-

Let x — r be a linear factor of g{x). Suppose that (x — »)™ is the highest
power of x — r that divides g(x). Then, to this factor, assign the sum of the

m partial fractions:
Ay y Az PR Am
T (x— ) (x —r)™

Do this for each distinct linear factor of g(x).

Let x* + px + g be a quadratic factor of g(x). Suppose that (x> + px + g)"
1s the highest power of this factor that divides g(x). Then, to this factor,
assign the sum of the » partial fractions:

Bix + C Bax + (3 B.x + C,
2 t 73 7 Tt T3 n e
x*+px+qg (x+px+ gq) (x= + px + g)

Do this for each distinct quadratic factor of g(x) that cannot be factored into
linear factors with real coefficients.

Set the onginal fraction f(x)/g(x) equal to the sum of all these partial
fractions. Clear the resulting equation of fractions and arrange the terms in
decreasing powers of x.

Equate the coefficients of corresponding powers of x and solve the resulting
equations for the undetermined coefficients.



Factor in Term in partial
denominator fraction demmﬁmsitiﬂn
A
ax +4 3
ax
fcxx+£:')j' 4 + = T+t 4 o k=123,
ax+b  (ax+d) (ax+b)
Ax+ B
ax®+bx+re 5
ax*+bx+e
IicI;':j rh +r;:|F' 1311+15'1 + Ax+5, ot A x+ B, k=123
ax’+bx+ec |i.:'.fx2 +E:-x—|—r:jj (GI:-FEI'I-FC')




Xt —20x 45
[1-4): I::J:i +3J

dx
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¥ =20x45 A 8 Cx+ D
= + +

(x=4) (x*+3) x-4 (x-4) x+3
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/ dx
.T{IE — 1)E |

x(x? + 1)

/d.l / x dx x dx
241 ) 2+ 1)

_ [ dx _ du 1 [ du

- X 2 u 21 2

_ g1 2 . 1
= In |x| zln(x + 1) - 2+ 1)

l A Bx+C Dx + E
= + +
Yoxt+ (1)

+ K




m Trigonometric Integrals

Trigonometric integrals involve algebraic combinations of the six basic trigonometric
functions. In principle, we can always express such integrals in terms of sines and cosines,
but 1t 1s often simpler to work with other functions, as 1n the integral

Products ot Powers of 51nes and Cosines

We begin with integrals of the form:

f sin™ x cos"” x dx,

where m and n are nonnegative integers (positive or zero). We can divide the work into
three cases.

Case 1 If m is odd, we write m as 2k + | and use the identity sin’x = 1 — cos’x to

obtain

2k+1

sin”x = sin™ ' x = (sin’x)*sinx = (1 — cos”x)*sinx. (1)

Then we combine the single sin x with dx in the integral and set sin x dx equal to —d (cos x).

Case 2 Ifmiseven and n 15 odd in f sin™ x cos" x dx, we write n as 2k + | and use the
. . 7 . 7 .
identity cos”x = | — sin” x to obtain

2k+1

cos"x = cos> ' x = (cos’x)*cosx = (1 — sin’x)*cosx.

We then combine the single cos x with dx and set cos x dx equal to d(sin x).

Case 3 If both m and n are even in f sin™ x cos" x dx, we substitute

1 — ;4::5 ?_r’ costx = 1 + ;c-slx (2)

to reduce the integrand to one in lower powers of cos 2x.
Here are some examples illustrating each case.

.
5nTxX =



m 1s Odd

fsinj:-:mszxcix = fﬂiﬂEICUEEIEin.TEfI
=f|[] — cos” x) cos” x (—d (cos x))

=/ (1 = 12)(12)(—du)

=f[u4— u”) du

5 L

L
=3 3+l'_'.'

5 L
__C0s X CO5 X

3 3

+ C.



m 1s Even and n 1s Odd

5
/ cos™ x dx.

=f::4::54;-:4:+::5.n£r = /{1 — sin” x)° d(sin x)

=f(1 — ) du

=/{1 — 2 + u*) du

= — %HJ + %uj + (= sinx—%ﬂinjx +%5injx + .



m and n are Both Even

/ sin® x cos” x dx.

= [ (k) (L),

=%/{1 — cos 2x)(1 + 2 cos 2x + cos® 2x) dx

:%/{1 + cos 2x — cos” 2x — cos® 2x) dx

= %[r + %Eil‘l 2x — /{CGEE 2x + cos’ 2x) rir].



For the term involving cos® 2x we use

f-:ﬂsllrrir = %f (1 + cosdx)dx

1 1 . Omuitting the constant of
— 2 \* + 4 n 4x |. integration until the final result
3
For the cos™ 2x term we have
1 . 2 i = sin 2x,
cos 2xdx = [ (1 — sin” 2x) cos 2x dx A — 2 oo Ox dy
L L RS L4 "

1 1 (. 1. Again
= E/ (1 — uz} du = 5 (smlx — Esml EI) omitting €

Combining everything and simplifying we get

/sinlx cos xdx = % (I — %sin 4x + %sin3 Zx) + . [



85 Trigonometric Substitutions

2

Trigonometric substitutions can be effective in transforming integrals involving % a® — x

Va? + x% and Vx? — alinto integrals we can evaluate directly.

Three Basic Substitutions

The most common substitutions are x = gtanf,x = asmnf,and x = asecH.’
from the reference right triangles in Figure 8.2.

Withx = atan 8,
at+x*=a* + atan’ 0 = a*(1 + tan’ ) = a’ sec* 0.
Withx = asm#,

: P=g' — a*sin”@ = a*(1 — sin’ @) = a’cos’H.

=
I
4
I

With x

I
=Y
L]
47
et
==

X —at=a’sec’® — a’ = a*(sec’@ — 1) = g tan’ B.

d x
x 1 — gl
f (7]
i) a? — x? a
X = dtanf r=asinf X = asecf

Va®+ x =alsecf] Va® —x’ = alcos Vx® — a® = altan d|



Using the Substitution x = atan@

dx
V4 + x?

x = 2 tan @, dx = 2sect 8 do, —% < g {:%,

4+x"=4+4tan”0 = 4(1 + tan"6) = 4sec” .

f d  _ f 2sect0dl [ sec?Bdl s B = |sech
V4 + X2 \V4 sec?f |secH|

ot

sec @ = 0 for
sec B df

= In |secf + tanf| + C

V4 + X
2

From Fig. 8.4

+Z + ¢

= In

b | i

/ , Taking C”
=In|V4+x*+x| +C. )

C

In 2



Using the Substitution x = asin#@

x=3sinf, dx=3cosHdb, —%::a«::%
f ¥ dx 9 —x2=9 — 95sin?f = 9(1 — sin’#) = 9 cos?A.
Vo — y?

x*dc [ 9sin’f-3cosfdb
VO — 2 |3 cos 8|

1|

= g/ Sinzﬂﬂ'ﬂ' cos @ = 0 for

1 — cos 28
f 7 b

Il
=

94/, =sin2f
=5 (o-2) + c
_3 ; sin2f = 2smBcosd
—E{H‘ — sinflcos @) + C
= % (sin_]% — % "*f"".;‘g— :1:‘) + C Fig. 8.5
9 -1 X X, / 7
= 7 sin E—E‘v'}‘—x + C.

|_-|'.-|



Using the Substitution x = asec#

f dx 2
V25t — 4 :

put the radicand in the form x? — a°. We then substitute

_T=gsec-|5| ﬂ’x=356cﬂ'tanﬂ'ﬂ’-ﬂ._,

5 ’ 3
2\ 4 4
2 _ [ = - - =
X (5) 735 sec” o, 73

5{5&::‘:5—]] ;,'jtanﬂ

I.'I 2 : 2 2 tar
1"1."11 — (E) = iltﬂl‘lﬂl - gtanﬂ. 0 <

0<f <X

= (0 for
£ }
T ll.' —



With these substitutions, we have

/ i ] ix [ (2/5) sec B tan 8 d6

Vase -4 J sV (4/25) >:(2/3)tan ¥

= %/se-:ﬂdﬂ' = %In |secf + tanf| + C

o n V2552 — 4

In2 3

+ C.

1
5



Improper Integrals

DEFINITION Type I Improper Integrals
Integrals with infinite limits of integration are improper integrals of Type 1.

1. If f(x) is continuous on [a, ©C), then

f fx) e = lim f ) di.

2. If f(x) is continuous on ( —oo, ], then

f; flx) dx = a_liTI_L-bf{x] dx.

3. If f(x) is continuous on (—20, oC), then

/:f(x)dx - fm f(x) dx + / " ) i,

where ¢ 15 any real number.

In each case, if the limit 1s finite we say that the improper integral converges and
that the limit is the value of the improper integral. If the limit fails to exist, the
improper integral diverges.



Evaluating an Integral on (-2, o0) According to the definition (Part 3), we can write

l/“ dx =i/D dx 4:/“ dx
fx' dx wl+x? J=l+xr o 1 +x*

-:hc] +Izl

L
Cai

b ]."TI. -
oo ] + x° a—>—ocf, 1 + x°

Area =g

M/ mﬁ=umf dx
o L+ax2 b—oofy 1+ 27
]

= lim tan 'x

h—>00 0

_ 5 gt ') = —g=T de  _wm  m _
bli‘mm(tan b — tan ' 0) - 0 5 f_m . sty =T



The IntegraL/ P

The function y = 1/x 15 the boundary between the convergent and divergent improper
integrals with integrands of the form y = 1/x”. As the next example shows, the improper

™ dx

1

integral converges if p = 1| and divergesif p = 1.

Thus,

because

Therefore, the integral converges to the value 1/(p — 1) if p = | and it diverges if

p =< 1.

P oxetl P (bt — 1) = ] .
x-ﬁ'_—p-l-l]_]—p _l—p bF'_I '

, 1 {ﬂ, p=1
lim — =
h—oo hF 0o, P = 1.



Determine if the following integral 1s convergent or divergent. If it is convergent

find its value.
Yo
J dx
- 3 - I

0 l J~
= llm
f-:c d3—x V3 X
3—x
= lim (-2J§+2J3-z)

=23+

= a0

= lim
[yt

so this integral 1s divergent.



When does the integral of 1/2” converge?

Here we consider an arbitrary power, p, that can be any real number. We ask when the
corresponding improper integral converges or diverges. Let

Iz/ i|:f::c.
1 2P

For p = 1 we have already established that this integral diverges and for
p = 2 we have seen that it 1s convergent . By a similar calculation, we find
that \
T l—p 1
I = lim - = lim (—) (bl'p - 1) :
b—oo (1 =p)|; b= \1—p

Thus this integral converges provided that the term b' 7 does not “blow up” as b increases.
For this to be true, we require that the exponent (1 — p) should be negative,i.e. 1 — p < 0
or p > 1. In this case, we have

To summarize our result,

1
f — dx convergesif p > 1, divergesif p < 1.
1




The main points of this chapter can be summarized as follows:

1. We reviewed the definition of an improper integral

.[amf(:r) r = llﬂl/f:r)d:r

2. We computed some examples of improper integrals and discussed their convergence
or divergence. We recalled (from earlier chapters) that

I = [ e~ dt converges,
Jo
whereas 0 1
I =/ — dzr diverges.
1

X

3. More generally, we showed that

o0

1 : . :

f — dr convergesif p > 1, divergesifp < 1.
1 T

4. Using a comparison between integrals and series we showed that the harmonic series,

= 1 1 . .
E =1+ = -|- + = +. - +... diverges.
— 3 4 I.:

5. More generally, our results led to the conclusion that the “p™ series,

— 1 . . .
Z 5 converges if p > 1, divergesif p < 1.

k=1



Numerical Integration
the step size or mesh size.

¥ = flx)
Trapezoid area ,/
(V1 + ¥p)Ax
\Q:;—ﬁ”
¥ ¥2 ¥n—1 | ¥n
> X
Xg=a X X7 X, X, = b

AX



1 1
==y +y)Ax + 50 +y)Ax + -

1 1
E[.}Jn 2 7 Y- l}‘ﬁx + 5 > [.}Jn—] T .}Jn}*ﬂl

1 1

X
:;1 (vo + 2v1 + 2y2 + -+ 2yn—1 + W),

yo = fla), v = flxy), Va1 = flxp—1), va = f(b)



The Trapezoidal Rule
To approximate J‘:r flx) dx, use

A
TZTI(_H]+E_}J[ + 2y2 + -+ 2yp—i +y,,).

The y’s are the values of f at the partition points

xp=a,x)=a+ Ax,x»=a+ 2Ax, ...,xp-1 =a+ (n— 1)Ax,x, = b,
where Ax = (b — a)/n.



Using the trapezoidal rule, estimate the integral
4.3
J‘D (87 + £) s

with n = 4 steps.

Latf[}:}=}:3+}:= a=10_ and b =21 Now to find the step size.

E=E—B=E=l
4 4 2
%n Vo 1
X0 0 £(0)=0 T, = 2 [0+ 2(0.625) + 2(2) + 2(4.875) + 10]
X1 0.5 £(0.5)=0.625 2
X2 1 f(1)=2 i
X3 15 f(1.5)=4875 = — I:[:] +125+4+9775+ 1[:]] = 626
x4 2 f(2)=10 4




Use the trapezoidal rule with n = 8 to estimate

/ V1 + x22 dax.
1

. For n = 8, we have Ax = E’gl = 0.5. We compute the values of vy, v1. vo...., ys.
T 1 1.5 2 2.5 3 3.5 4 4.5 5
y=+v1+2z22 || V2| V325 | V5 | V7.25 | V10 | V13.25 | V17 | v/21.25 | /26
0.5

(\/E 192v/3.95 125 4+ 27.25 + 2/10 + 2/13.25 + 2/17 + 2/21.25 + »—%)

Fd
ot

2

[ V1+22de ~
J 1

&

(-
b
|
s




