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Selfish routing example

212 8 Protocols for Strategic Agents: Mechanism Design

First, note that because the Clarke tax does not depend on an agenti’s own declara-
tion v̂i, our previous arguments that Groves mechanisms are dominant strategy truthful
and efficient transfer immediately to the VCG mechanism. Now, we’ll try to provide
some intuition about the VCG payment rule. Assume that all agents follow their dom-
inant strategies and declare their valuations truthfully. The second sum in the VCG
payment rule pays each agenti the sum of every other agentj 6= i’s utility for the
mechanism’s choice. The first sum charges each agenti the sum of every other agent’s
utility for the choice thatwould have been madehadi not participated in the mecha-
nism. Thus, each agent is made to pay hissocial cost—the aggregate impact that his
participation has on other agents’ utilities.

What can we say about the amounts of different agents’ payments to the mechanism?
If some agenti does not change the mechanism’s choice by his participation—that is,
if x (v) = x (v−i)—then the two sums in the VCG payment function will cancel out.
The social cost ofi’s participation is zero, and so he has to pay nothing. In order for
an agenti to be made to pay a nonzero amount, he must bepivotal in the sense that
the mechanism’s choicex (v) is different from its choice withouti, x (v−i). This is
why VCG is sometimes called the pivot mechanism—only pivotal agents are made to
pay. Of course, it’s possible that some agents willimproveother agents’ utility by
participating; such agents will be made to pay a negative amount, or in other words
will be paid by the mechanism.

Let’s see an example of how the VCG mechanism works. Recall that Section 8.1.2
discussed the problem of selfish routing in a transportation network. We’ll now recon-
sider that example, and determine what route and what payments the VCG mechanism
would select. For convenience, we reproduce Figure 8.1 as Figure 8.4, and label the
nodes so that we have names to refer to the agents (the edges).

n n

n n

n n
3

2

3

2

1

5

2

1

A F

C E

B D

�
�

�
��

@
@

@
@R

-

@
@

@
@

@
@

@
@

@@R

1

-

@
@

@
@R

�
�

�
��

Figure 8.4 Transportation network with selfish agents.

c©Shoham and Leyton-Brown, 2006

• What outcome will be selected by x ?

path ABEF .
• How much will AC have to pay?

• The shortest path taking AC ’s declaration into account has length
5, and imposes cost −5 on agents other than AC . The shortest
path without AC ’s declaration also has length 5. Thus,
pAC = (−5)− (−5) = 0.

• This is what we expect, since AC is not pivotal.
• Likewise, BD, CE, CF and DF will all pay zero.
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• How much will AB pay?

• The shortest path taking AB’s declaration into account has length
5, and imposes cost 2 on other agents.

• The shortest path without AB is ACEF , which has cost 6.
• Thus pAB = (−6)− (−2) = −4.

Game Theory Course: Jackson, Leyton-Brown & Shoham VCG Example.
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Figure 8.4 Transportation network with selfish agents.

c©Shoham and Leyton-Brown, 2006• How much will BE pay?

pBE = (−6)− (−4) = −2.
• How much will EF pay? pEF = (−7)− (−4) = −3.

• EF and BE have the same costs but are paid differently. Why?
• EF has more market power: for the other agents, the situation

without EF is worse than the situation without BE.

Game Theory Course: Jackson, Leyton-Brown & Shoham VCG Example.
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What can we say about the amounts of different agents’ payments to the mechanism?
If some agenti does not change the mechanism’s choice by his participation—that is,
if x (v) = x (v−i)—then the two sums in the VCG payment function will cancel out.
The social cost ofi’s participation is zero, and so he has to pay nothing. In order for
an agenti to be made to pay a nonzero amount, he must bepivotal in the sense that
the mechanism’s choicex (v) is different from its choice withouti, x (v−i). This is
why VCG is sometimes called the pivot mechanism—only pivotal agents are made to
pay. Of course, it’s possible that some agents willimproveother agents’ utility by
participating; such agents will be made to pay a negative amount, or in other words
will be paid by the mechanism.

Let’s see an example of how the VCG mechanism works. Recall that Section 8.1.2
discussed the problem of selfish routing in a transportation network. We’ll now recon-
sider that example, and determine what route and what payments the VCG mechanism
would select. For convenience, we reproduce Figure 8.1 as Figure 8.4, and label the
nodes so that we have names to refer to the agents (the edges).
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Figure 8.4 Transportation network with selfish agents.

c©Shoham and Leyton-Brown, 2006• How much will BE pay? pBE = (−6)− (−4) = −2.
• How much will EF pay? pEF = (−7)− (−4) = −3.

• EF and BE have the same costs but are paid differently. Why?

• EF has more market power: for the other agents, the situation
without EF is worse than the situation without BE.

Game Theory Course: Jackson, Leyton-Brown & Shoham VCG Example.
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pay. Of course, it’s possible that some agents willimproveother agents’ utility by
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will be paid by the mechanism.

Let’s see an example of how the VCG mechanism works. Recall that Section 8.1.2
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sider that example, and determine what route and what payments the VCG mechanism
would select. For convenience, we reproduce Figure 8.1 as Figure 8.4, and label the
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Figure 8.4 Transportation network with selfish agents.

c©Shoham and Leyton-Brown, 2006• How much will BE pay? pBE = (−6)− (−4) = −2.
• How much will EF pay? pEF = (−7)− (−4) = −3.
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• EF has more market power: for the other agents, the situation

without EF is worse than the situation without BE.
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