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Thus, we find

A; 48 A, 24
—S1_48 _ygv =22 24 _ s,y
M=oY ==
Az 24
=2 _Z2_ o4y
ITA T 10

as we obtained with Method 1.

BEMETHOD 3 We now use MATLAB to solve the matrix. Equa-
tion (3.2.6) can be written as

AV =B = V=A"'B

where A is the 3 by 3 square matrix, B is the column vector, and V is a
column vector comprised of vy, v,, and v; that we want to determine. We
use MATLAB to determine V as follows:

>>A=[3 -2 -1;
>>B=[12 0 0],

>>V =inv(A) * B
4.8000
V= 24000
—2.4000

Thus, vi =4.8 V,v, =24V, and v; = —=2.4 V, as obtained previously.

-4 7 -1; 2 =3 1],

" Practice Problem 3.2
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Figure 3.6
For Practice Prob. 3.2.

Find the voltages at the three nonreference nodes in the circuit of Fig. 3.6.

Answer: v, =32V, v, =-256V,1; =624 V.

3.3

We now consider how voltage sources affect nodal analysis. We use the
circuit in Fig. 3.7 for illustration. Consider the following two possibilities.

Nodal Analysis with Voltage Sources

B CASE 1 If a voltage source is connected between the reference
node and a nonreference node, we simply set the voltage at the non-
reference node equal to the voltage of the voltage source. In Fig. 3.7,

for example,
v=10V (3.10)

Thus, our analysis is somewhat simplified by this knowledge of the volt-
age at this node.

B CASE 2 If the voltage source (dependent or independent) is con-
nected between two nonreference nodes, the two nonreference nodes
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Figure 3.7
A circuit with a supernode.

form a generalized node or supernode; we apply both KCL and KVL to
determine the node voltages.

A supernode is formed by enclosing a (dependent or independent) volt-
age source connected between two nonreference nodes and any ele-
ments connected in parallel with it.

In Fig. 3.7, nodes 2 and 3 form a supernode. (We could have more than
two nodes forming a single supernode. For example, see the circuit in
Fig. 3.14.) We analyze a circuit with supernodes using the same three
steps mentioned in the previous section except that the supernodes are
treated differently. Why? Because an essential component of nodal anal-
ysis is applying KCL, which requires knowing the current through each
element. There is no way of knowing the current through a voltage source
in advance. However, KCL must be satisfied at a supernode like any
other node. Hence, at the supernode in Fig. 3.7,

il + i4 = iz + l'; (3.113)

or

vi—v, vi—vz_ v,—=0 v;—0
5 AR + G (3.11b)

To apply Kirchhoff’s voltage law to the supernode in Fig. 3.7, we redraw
the circuit as shown in Fig. 3.8. Going around the loop in the clockwise
direction gives

-V, +54+v;=0 => Vo —v3=5 3.12)

From Egs. (3.10), (3.11b), and (3.12), we obtain the node voltages.
Note the following properties of a supernode:

1. The voltage source inside the supernode provides a constraint
equation needed to solve for the node voltages.

2. A supernode has no voltage of its own.

3. A supernode requires the application of both KCL and KVL.
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A supernode may be regarded as a
closed surface enclosing the voltage
source and its two nodes.

___________________________________

Figure 3.8
Applying KVL to a supernode.
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Example 3.3
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Figure 3.9
For Example 3.3.

Figure 3.10

Chapter 3 Methods of Analysis

For the circuit shown in Fig. 3.9, find the node voltages.

Solution:
The supernode contains the 2-V source, nodes 1 and 2, and the 10-Q
resistor. Applying KCL to the supernode as shown in Fig. 3.10(a) gives

2=ll+12+7

Expressing #; and i, in terms of the node voltages

vi—=0 v,—=0
2 + 4

2= +7 => 8=2V1+V2+28

or
vy = =20 —2v; 3.3.1)

To get the relationship between v, and v,, we apply KVL to the circuit in
Fig. 3.10(b). Going around the loop, we obtain

v —=24+v=0 => Vo=V +2 3.3.2)
From Egs. (3.3.1) and (3.3.2), we write

Vo=V +2=-20-2v,
or
3y =-=-22 > vi=-7.333V

and v, = v; + 2 = =5.333 V. Note that the 10-Q resistor does not make
any difference because it is connected across the supernode.
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Applying: (a) KCL to the supernode, (b) KVL to the loop.

-ractice Problem 3.3 Find v and i in the circuit of Fig. 3.11.
40 6V Answer: —400 mV, 2.8 A.
Q B
NG -
+
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Figure 3.11
For Practice Prob. 3.3.
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Find the node voltages in the circuit of Fig. 3.12.
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Figure 3.2

For Example 3.4.

Solution:

Nodes 1 and 2 form a supernode; so do nodes 3 and 4. We apply KCL to
the two supernodes as in Fig. 3.13(a). At supernode 1-2,

l3+10=11+l2

Expressing this in terms of the node voltages,

Example 3.4

V3 —Vp Vi— Wy Vi
+10 = + =
3 2
or
Svi+ vy — vz — 21, =60 34.1)
At supernode 3-4,
e Vi—Vy V3=V Yy W
11:l3+l4+15 = %:%4_%4_?3
or
4v; 4+ 2v, — Sv3— 16v, =0 34.2)
3Q
3Q
ANV
+’\N\/\/ + v, -
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, . . . 20V I
] S T W e va) N v A~
R [ L+ N\ + 60 ! +1
pi2 §is fia ! | ! :
2Q§ Q 10A §4g §1Q Ly @ v | §v3 @ vy !
T i
(@) (b)

Figure 3.3
Applying: (a) KCL to the two supernodes, (b) KVL to the loops.
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We now apply KVL to the branches involving the voltage sources as
shown in Fig. 3.13(b). For loop 1,

v +204+v,=0 => vi—v, =20 3.4.3)
For loop 2,
-+ 3v,+v,=0
But v, = v; — v so that
3vy—v;—=2v,=0 344
For loop 3,
V=3V, +6i3—20=0
But 6i3 = v; — v, and v, = v — v4. Hence,
—2vi = vy +v3+ 21, =20 34.5)

We need four node voltages, vy, v,, v3, and vy, and it requires only
four out of the five Eqgs. (3.4.1) to (3.4.5) to find them. Although the
fifth equation is redundant, it can be used to check results. We can
solve Eqgs. (3.4.1) to (3.4.4) directly using MATLAB. We can eliminate
one node voltage so that we solve three simultaneous equations instead
of four. From Eq. (3.4.3), v, = v; — 20. Substituting this into Egs. (3.4.1)
and (3.4.2), respectively, gives

6v, —v; —2v, =80 3.4.6)
and
6v; — Sv; — 16v, =40 3.4.7)
Equations (3.4.4), (3.4.6), and (3.4.7) can be cast in matrix form as
3 -1 =21[w] 0
6 -1 =2(|vs|=180
6 =5 —16] [v,] 40

Using Cramer’s rule gives

3 -1 -2 0 -1 -2
A=l6 -1 =2|=-18, A, =|80 -1 —2|=-480,
6 -5 -—16 40 -5 -16
3 0 -2 3 -1 0
Ay=l6 80 —2|=-3120, A,=16 —1 80|=2840
6 40 -16 6 -5 40
Thus, we arrive at the node voltages as
A _ —480 A;  -3120
=—=—-"=2667V. == =173.33 V.
Vi A —18 6 6 N V3 A —18 3 33 N
_As_ 840 _
v4_A_—18_ 46.67V

and v, = v; — 20 = 6.667 V. We have not used Eq. (3.4.5); it can be used
to cross-check results.



