
 
4.3 Subspaces 20.042020

f Vectorspace
WCV and W is also a vspace W a subspace

THEOREI Wis a subspace if a FTFEW FtwEW
b to EIR TIEN CIEN

HIRE lab W lab b O
v1Wth Is W a subspace of V

VIEW
NoW is not a subspace

V k VkEV and q 9k ER any192kt 19Wh linear combination

Is 1 a bin comb of 3 and f
4 913 92146 has a solution ayaz

391,4481 KIK Intr re 3407,2 0.9 0921 No sa

pent
th Amn Matrix The solutionset of A I P is a subspace of Rt
proofe If XTIz are solutions Atx15121 8 YES

AtxTAXI 078 8
If I is a Soh andCEIR AKI 8 YES

I COIF
4,2 8 Legs 3unknowns refer Err Estubspace

of 1123

4.4 SPAN

f vspace y K vkEV Theset of all possible bin combof y rk is called
the span of Vi Nk

exe Find the span of K and f in 1122



all lin comb a 1949 Yaya Anyrector can be written likethis
Xy Yaya 9 X 922 4 ex 3 3 I 1 9

The spanof L and g is R2 Iii l
Find the spanof 1 and 4
all lin comb of 1 and 4 an task 11,73 412A L

Innetimection

I'd
Ko span

qq.gl

Kol't 1 span of 1 and E is an tazfffgit.az
span is allvectors
ofthis form

exe f M ri to E foo E I fzffajaiat.azsaaEE.y2xtzz
Span of hislb Ebo avitbtitcTI fo is inthespan

TIMSpanky is is a subspace of V aa I 01212 Ng t is
ex f Bevspaceof polynomials withdegree fz
f E tf spans all polys oftheform at1BE

Is E t in the span of Etl and t I
E t a 1 tbh 1 Eat tbt a b a I b I a b O No soln

ex y l VEE v ft Is v inthe spanofvik
Is there a sin of Kavitbk for a b

H a to IIEEE LI's her K t ThisB II H'I.IE too it war

YES l It EEE
VE iVE vz 1 Dothese vectors span11236

Can I write 1 ar tbh1cg aattboyjf.co Can I solvefor abc interms of Xyz



14111117447,37 foot.ttEIxxJr.ensfgIIfEfJ2rztrirsfooIIsfEfzxuz.xfc421342

The answer isyes

ex fP2 Y Et2T11 VEt't2 Does Yk span Pz

atbt cE azvytas.tk Can wesolvefor a az

qH42ttlt9zft42 t4qtaz tt 2q

tqt2az9ataIIa'aa biz Et4cb za E a

For example a1 b 2 c I I12T It is in thespan

But a1,6 2 4 I121145 is not in thespan Theanswer is NO

21.042020

A ftp.ytf y
Fg Ax8 Find a set of vectors which span the

solution space xz x Ki

ftp.t.ir l o
iitoood i l

X 1 212 4 0 X 114 0 free r zs

I I ffoot er Its Solsp spanIf 3 IN

4.5 LINEAR INDEPENDENCE
f tabby EIR subspace

A span IG span ftp.L91fzf
f vspace Ty TkEV linearly dependent if there exists scalars q q

notall zero954192ft tanti8
If Y k is not tin dep lin independent

exe Is G LM lin dep or indep

Sol qfqftazf.IT IaIa o Only 1sol 9 92 0 Trivialsol binindep

IIs ftp.L91 fi eindep or indep
z



sol afodiazfilta.li fooIsaIEIEIofo.IIlIIsEo1IlEra foo d
day free Lada Err Nontrivialsins ein dep 2704.2020

EI via o o he lo l O kilo o D Are these vectors lin
dep or indep

Sol ANT192 19373 8 a Uodtako1DtasOOD o O 0

a a as lo o 0 g did3 0 Lin indep

ex V Pz Va Ett12 VE2Ett vz3Et2t12 Lin dep or lin indep

Sol a It't42taz2Etttdz3Et2t121 0
Ela 12921393 1than1921293 1 291293 0 Recall Amin AI B
f f b
f tf tf O detAO detA

ffythetrir.itn off Hotta's.int si tiiiiaIiIazio

sontion2ndmethod
VntVzVz sVn VzVzO lin dep

thm.vn k in Rk are bin indep Es DetCy rd to
lin depes detlev vn O

exe 5 11,11 fig Lindep or tin indep thin If at least one

iii i c s it i
If Sz is bin indep 5 is lin indep

EI VaVzV is lin dep Vphisk is alsolin dep

Geometricided

fandep fin deep ndep in indef

4.6 BASIS AND DIMENSION

def V space Va k in V forms a basis for V if
a y he lin indep bspan ri me V



Remarke If Va he form a basis theymustbe distinct and nonzero

ex ForR2 fo I form a Iatisdard
a Lin indep arf 19219118 9 920 tin indep

b span 19111122 Lffx tyED
ForR2 f ill form abasisfor 1122

a Lin indep Holl 110

b Lyta b II b taking
ex For 1123 C f I form a standard basis

exe kPa f EH t I 21 2 Is S E basis for R
Sol a bin indep att't1 bltHtc 21 2 0

at't b124ft b124 0 aEI o o Istoria Lin indep

bspans Pa YES

qt2 bttc qlt.tl tazlt Dtazl2tt2
aiaMaaEazaEab IIIEEEa 4 be a 2 b ata l fo

Red Ann AI 5 If A exists E A B

detA10
For theprev problem It is sufficient to check detfff.IE 10 Basis

exe fPa Well A at'tbttlab subspace V et3 Iff
Find abasis for N

sod attbttlab a Htb Choose f t't't t I Shows is a basis forW
a bin indep att't1 b t 11 0 ab8 onlytrivial solution bin indep
b span15kW

def V vspace and let 5 be basis of V
if S has a vectors f A dimensional vspace



Shasfinitely manyvectors f finite dim vspace

Number ofvectors in S is called the dimension of V
Axiomof choice Anyvspace has abasis

The number of vectors in S is independent of f
EI Vift Vi ME iVE iVELIZ

f y rs Find a basis forspants

Sol quit taps E L 141IEEEEFftoIg 2yfgJaIII.saaEIIYs
spans 1 K 4 basis suppose we remove bb RREF 8980

span
28.04 We choose vectors whichhave a leading 1

cont fr124 1 rts BtrB sitters P
REFPath ts 21 5 VIHF forevery r s

5 0 r I VTTz15 8 VI VI VI
r O s I VF Zvi72try

them If F quit tank then span i Is tk spanEvi rI3
ed V R f viiiB Ty Co 1 D Tz to B T_A 1 2
Find a basisfor spans Find dimlspanfriiz.FI

51 Observe VjVitt spanritzy spanVITz
We are done if Kiril is tin indep
anti192728 a fo I I 1 1 0171000 asas a191 10 00

a az O Onlythe trivialsol exists

So viiiI are both bin indep andspan spanfriii.rs So9ririI is a basis

for spanviBiff
dimfspanlhii.FI 2

thm.dimV n any subsets ofV with morethan n vectors

must be lin dep



anysubset with fewerthan

can not span V
Find a basis for B

SI aEtat'tapt1 1 B span I t 4 Moreover they are lin indep

dotqttazttazt3 OL ao q az.az0

dim1314 dimPn n11
exe Is E I t11 t L Ett a basis for Pz
SI Na Morethan 3 Vectors in B must be lin dep
4.7 HOMOGENEOUS SYSTEMS

Amn matrix AI D Homogeneous sys

theThesolution set of AFI is a subspace of Rn
proof If I and I are solutions AF AE Ali txt AI 1 AE078 8

CER I is a Sdn AKI CAF c8 8
def Sol space of ART is called nullspace of A and dimension of

nullspace is called nullity
Suppose that RREF of AID Find a basis forthesol sp

I I II as EEE x 5
I r s So fo If form a basisfor the solsp

Nullityof A 2

remarkeThe solutionset of AFI 518 is not a Vector space Because

if A'T I AETo Ali 14 2575
Anysolutionof AI I can be written as a sum of a sdn of A and one

particularsoln of AIFB
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48 COORDINATES

If vspace An orderedbasis f I it
TEV F aVit tant a anER

f 5 fg coordinates ofT wit g

exHR2 f Hill basis
I 3 5
solution 3 a ta P't aa I cos To obtain

ex f I 1911 MsEH
f v Vn
vTifan hittin Litas fiIsn why
I quit19nF WTbivit.i.tbnvn.Twlqtbdvjt.itantbnPncERfcvTsCUTS proof similar

Transition Matrices reminder

f Is in F wi wi ordered bases

iii cnn.a.se iii i i t
PsatCDT

transitionmatrix fromtheTbasis
to Sbasis

ex Vai SftpLIl.FIl9w hgH.lalPsei
a guitar fatalities L 1 aimsft
a cvitae total'oltaliff EE cadet
Ps ft t
b If HE fits
TIEBet ftoffs K



et VR polysofdeg 1

I t Iet 3 ut t I wi t11

f Ivi II T Iwiwit
a Find Psat

wits Thecivitas t I c t 1colt3 t cite 3oz self c 43

lw.IE I
w s Es t11 4 4kt 3 thatch 3k 4433

Wifi
Ps fansand14,3
b v 5t11 Find E t CDs

b ttt cwtaw c HD1ozHtt7 471 If EstIDT 3
5TH cVitek att alt 3 E't I E fff C5ttDs ffY
c Verify hits Balik Citi It EM V

G s
transition matrix from Sst

Ps T trans mat fromTess

At 5 Bet 1

Read4.9Rank of a matrix

CHAPTER6
61 Linear Transformations
VW v spaces L V W is called a lineartransformation from V toW if
a Lluitt LuiltLiv tufEV
b L cut cLTD HcEIR tuEV

of ALacbdz L R Pi witAut Is L a bin trans

Yes Liu1T Atutti AT1ATLiu14T

Lieu A ca c AI cha



ex Amn matrix Lait AI L Rhythm is a bin trans

ex LPasR2 L aotqttao.tt f9afaz Is this a lin trans YES

a Lfaotqttazttbobittt.at L laotboll9tbdt laztbzltY faa'III a b
aotqtta.tl1Lboth1kt Laa a bib 51

b Lfc aotaatta.TT 4caotcqttc9ztY fEIfcaz
cLaotqttazt7 claaf.azFest

et L R HI LIFE EL Is L a tin trans No
a 4141D41IT kYIfbD ynotegual
4lEHt4lEHfIyItlaIit l Ias
Lui tilt LITHLE

ex L lRz lRz L Exy Lx Y Is L a tin trans No

a D Llc D LLC's D Not a lin trans
1to 4 D 5 o f g o

et LPs Pa LlpHD tpH Is L a lin trans Yes

a L pctltgHD tlpltltqHD tpltlttglH LCPHD LC.glH

b LlapHD t cph c tpa clipHD
Thin LVW is a bin transThen

a 4 1 01 proet401 4 071 40 1407 2407 LTortBw
b L I T Liu LCT

0505

ex L R3R3 L Py III Is Latin trans

8 f 404 107 L is notein trans

ex LRz lRz lin trans LIU11 1 2 L El D K 3

a Find 4ft 53

H D au Dt bEl D aatEE E.IE



El ST L 211 D13ft D L 21113 1431111
2411 D 13LK I D
2 1 2 13123 8 5

b Lux y f
x y all 1 BEI 1 9757g a1 2112

b lyxyz
LuxD LHII 1 I tly EtD HIILAD14 LKt D

HII I 2 4 231 12 125222 22213431 1234 5xzty
VerifyLIA53 II 5 18 5

St Mat Rep
L 11241122 LLH fly Es A Llc'd 41931 189 Iz

LH Ef A fo9 detlat2

HINTED it A I
WITHH Afoil
41511181 Aflood

L B Rm bin trans Ten En standard basis Eiffel enf n
Let A be the mxn matrix whose jth column is Lied Then text.AE HER
A is called the standard matrix representationofL

exeLR'sIR 4111HIE Find the st mat rep

A Hei LiedLled f I er eel ezfog

ex LP Pe bin trans LH111243 Ltt1131 2 Find 46T4

Gt 4 alt1Mt blt 1 aat.EE aft
46T4 L IHH 15ftD LAH 15LH1 24315Gt2 HE 11

YfpER 7 7.1Eigenvaluesand eigenvectors

tqV v space LVV bin trans
If there is a vectorBEV Ito and XE complex number suchthat LI XI



then I is called an eigenvector and it is called an eigenvalue of L
For us L Ann VAhn AI XI
EI A1124 Findalleigenvaluesandeigenvectors

Antti E'd I'xtfIx II Ii o es t.it L
The system hasnontrivial solutions if andonly if detf Fd defa I
Hd14d 2 0 Es 6 51 42 0 Es 2,4 3 Eigenvalues

LIE f 118 228 wither ftof181 x 1 2 0 xy.fr

Eigenvectors of 11 2 are oftheform f RIO

d3 f3 Is L Ez fo es 2 1 2 0 x
zr

Eigenvectors of 113 are ofthe form r10

defy Amn matrix detlchdacndetln

lpldldetl.LIA characteristic polynomial of A

14th Es eigenvalues
characteristic equation

A11I t Findthe char poly of A

pldtdetl.LI A

AI a too I II I IfEI E
delHIAl I 1 H1 14,75ftth t21141.5 11

3
7441

Hi da511412145 4 1 41411
1136,1211,16

TheThe roots of thechar poly put0 are the eigenvalues ofthematrix A
e Findthe eigenvalues andeigenvectors of A in last example g4b c 0 xpz bz
eigenvalues are rootsof 1136114114 6 0 daxff.bytfxItdefoIformnlat

dAaH IzId131 0 Es d Lilith113d4kids11113111311
ddad 6 Es anyeasy solutions killed_O



integer solutions 11,743 16

111 1 61160
1136,1211,16 111 ambitc ad'td fatb td c b c Ea c he6 a 5c 6 6

plikld1 F5116 d1 d 2 X3

Eigenvalues 4 1 12,113

Eigenvectors a I itsA I O EI 4,714111 FI I 1411
ft E Il o Too If too1 1 x'Era iiiEYE E

Eigenvectors of111 I rfi r10

Eitherwrite SLI sto
Eigenvectors of 1 2 d 3 can be found in the sameway Homework Example 12 7.1

ed A f to Find eigenvalues and eigenvectors

Iststepe findthe char poly

detHIaA pHkdet I t.IO d2tLgigi2ndsteppldkktl O sH 1Estr F dz tFI j
di i dei

3rdstep.ir if L Ito 48 til her It intrar I pg

ixzOEII.ir I fix genreators

dei Carryon theoperations I rfi fan be a complexnumber

EI L Pz Pz Llatibttc bt 2e bin trans

a Find the matrix representation of L with respect tothe basis f it Itt t
H I B

LivitaintaintasB

LU t t 2 911t adf.lt azt2aa3Ias2aaIizdi 3k
41TDs1311 2

a a 2

HittDs fEl
HED



Themat repof L writ Iast
D S is f o A

b Find theeigenvalues andeigenvectors of A
12 052020
7.2 Diagonalization

Aziz Ari1,5 Avi_dik ditz viii eigenvectors
F hi AP Alvira Avi Ari prod lack 41 194 11 191

di dy gprove firstaol.LYbdYJdt
lviriIfhoId Pfo

If P exists PAP 9 a diagonalmatrix D
PAPD Es ppAPPDEs App PDP A pDp1

Why is this useful

A2AA PDP1 PDF PDDP PDP DEIAnn If Pexists
An PDP DEL't9.11 9148 7 and D is diagonal

D 9 mat and APDP

why is computing Ah important then A is called

EAEtEoff diagonalizable

calculus 1 adze ae Initial valueproblem solution

Advancedbin alg eat Aeat Thismeans dqx7t AIA Ilo IHkeate

when does P exist

It exists if vi I are eigenvectorsof distinct eigenvalues
EY A f I Is A diagonalizble if so find PD ichhat APDF
Previously we found di2 VI ft di3

AHIGHD
check n'T't if if.fi t Hw check it

Thma If Ann matrix Suppose ri in are eigenvectors belonging to



distinct eigenvalues Then I are bin indep

b If A has n distinct eigenvalues then A is diagonalizable

c A has n lin indep eigenvectors itandonlyif then A is diagonalizable

ex AL Is A diagonalizable

plNDet AIA det I 1 xD2 charpoly

A I is the only eigenvalue

Find the eigenvectors fo Ii L if x
r t rfotsa'ftp

eigenNoTDIAG0NAHtABe

Optional 4.9Rank of a matrix

Af I 54 Nfnfdbeeprenffentrows Heftier cols 2 rank ofa matrix

Amnmatrix Axe8 Sol set nullspace of A subspaceofA
Fundamental Theorem of Lin Algebra rankAoftn pa 11m off

nullity
at Af I 4 rank2 anullity I

AI B has 1 lin indepsol
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2.3 
Using elementary matrices. 
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