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8.1.5 Ahgtlrma]al’
fonksiyonlarin yanlarlndaki noktada ve vektg

1. As agidaki

esaplayimniz: i
}’ﬁn]u

t(irevlerlm h

1. f(:c,y) —z+ay, 1o :(0’0)= u= (%’%)

. gy acands A= (D u=(29

6. f@3h7 2) = 2yz+$y2z+:l:yz2, Py=(L,-1,2),u=(~3 4
~3,4,9)

7 f@nd) =Y gzt oy Po=(1,3,-2),u=(3t0L
. V2 )

8. f(m,y,z)=51n(2$—3y+4z), Po = (n/2,—/3,7/4), u =
) —'("‘1,3’5)

9. f(z,9,%W) = 2 +yt - 2wt royzw, Fo=(-1,2,1,3)
14 U=
y U = 3
( 11,4,\2)

10, flagm) = VTP E 05 Fo= (~3,0,4,0)
it B ,u:(ll
) ,-—2,1)

daki fonksiyonlarin yanlarindaki noktada ve herh
angi bir y

2. Asag
birim vektord yoniindeki yonlil tirevinin olup olmadigim aragtirin = (1, 1)
\ 1z,
1. f(z,9) = { Fp @200 g S
0 (@y=00 ) = ‘/“’_B*T’z (z’y)%(ﬂ,m

3.f(a:,y)={|z| 207 +3y*  (z,9) # (0,0)
0 (z,y) = (0,0)

f(m,y)={ T F
0 =y

olarak tamml ¢

S azilan fonk51y0nunun (0,0) noktasinda herhangi bir u =

oy Y nlfn e yonlil tiirevinin oldugunu, ancak bu nok - (u1, ug) birim
igini gosteriniz. noktada diferensiyelleneme-



017 Ahgtirmalar:

A§&§lda‘k

i f(msy)
) flo) = ot +y Fae = =T

; flos) = o+ 3y — 160~ 12y

::1:4+y3+3233_99

7 flz,y) = (22— z2)(2y — v?)

0. f(z,y) = 2 +y?—3x+4

11. f(z,y) = 3z%y +y° — 6zy + 6
3. flz,y) =ye* —y

15, f(z,y) = eV’

17. f(z,y) = 22° — 6zy +v°

: fonksiyonlarin kritik noktalarim bulunuz ve cinslerini belirleyiniz

2. f(z,y) =9 — 2z + 4y — 22 — 49

4. f(z,y) = 2° + 322 — 2zy + 5y2 — 493
6. flz,y) = zy(l — 2% — ¢?)

8. flz,y) =z +y* —day+1

10. f(z,y) =«° —3zy +4* +3

12. f(z,y)=yvz -y’ —z+6y—6
14. f(z,y) = 3+ 622 +3y* — 12zy + 9
16. f(z,y) = 10z%y—5z% —4y> —z* —2y*

18. f(z,y) = 42 — dzy +2y* + 10z — 6y




9.3.3 Aligtirmalar.
Asagidaki fonksiyonlarin yanlarinda verilen B bolgesindeki muyt]
utlak maks'
lmmn

ve mutlak minimum degerlerini bulunuz.

1. f(:z:,y)=48.ry-—32:u3—24y2, B={(z,9):0<z<10<
=* S LVEYR]}

2. f(z,y) =4z —8zy + 2y + 1, B={(z,y):2>0,y>0,y<1
— Y, =\, < ""(L’}
= 1o = 1!}_0

4. f(z,y) = 22 + 92 + 22
flzy) =2 +y*+2’y+4, B={(z,9): |z <1,|y| <1}
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5. f(,y) =zy?, B={(z,y):2>0, y > 0,z% +y2 < 3}

6. f(z:y) =23y — (1 — 22 — 2)3/2 B = {(z,y) : 2 + 2 < 1}

7. f(z,y) =14+zy —z —y, B;y = z? ve y = 4 ile simirli bolge

8. f(z,y) =3+ 2y —=x — 2y, B;kogeleri (1,0),(5,0) ve (1,4) olan ticgen
9. f(z,y) =2*(y+1) -2y, B={(z,y):vVI+a2<y<2}



- Alﬁt,rnf’.lalar.

i

g4 o
y fonksiyonlarin yanlarinda yag)
agldakl | ; yaz1lt yan gart]y |

1) A&e mutlak minimum degerlerini bulunyg, I altindaki mutlak mak-
qilﬂum
§ . . 2, oy =1

! f(-"”y)"x b 2. f(x,y)=4;c+6y, 2% 4 g2 =13

2 2 4 4 _
g fl@d) =7 Pl ERgEss L f@y)=ay, 22432 ¢

 fley) =T e~ Y 2z 4y >0
ﬁlf(m,y)=m2+y2+37‘”+1, 47% 442 = 1
7'f($,y):=2:n2+y2, Tt — 22 442 5=
s.f(w,y)=4$2+y2—2$—4y+1, 4$2+y2_1=0
0 f(z,9,2) =T+ y? + 2z, 422+ 9y2 — 36,2 = 36

0. f@yz) =c—2y+2z, z*+y’+22=9

1. flz,y,2) =zy?2%, T+y+z=12

)
1 flz,p,2) =8> +y* = 2% T+3y—2z=4
)
13, f(z,5,2) =8z — 4z, z*+10y2+22=5

4. f(z,y,2) = z°y?2, $2+y2+z2.=1

15 f(z,y,2) =zyz, =+y+2=a,a>0sabit

6 f(z,y,2) =2 +y* + 24, PPy’ +22=1

. fay,z) =22 +12+2% S +%+%=1 (a>b>c>0)

B. f(z1,29, - ,zp) = 2P+ 2B+ -+2P, By +22+ - +2Tp=a (p>1,a>0)

. f(w1, 2, y &) = 6121+ ** + Qnn, 2+ a3+ - +z2=1 (a; >0)
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$+y+z=40 ve T+YyYy=2=z

20. f(z,y, %) = TY*

s Gl =T by BHEEEIR = R wstiy g
B
29, Flm,yed) =20+ 2= 2 20-y=0 ve y+2=0 g

23. f(g;,y,z)=x+y+2,
— 3z + 3y + 8z, :B2+22=1vey2+z2__1

22—y?=1ve 2z+2=1

24. f(z,¥,%2)

2) 2 +yt+ 2% = 1 yiizeyi izerinde orjine en yakin v

bulunuz. olg,
n nr:)kta]arl
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10.2.25 Aligtirmalar.

1. Asagidaki iki kath integralleri hesaplaymiz.

11 1 =z 1 z2
+ y)dydzx zy’dydz
[avoms ] Y.
2 Inzx 2 2y 2 1 y2+2y
4xdydz eV dzdy
¥ § e
T Tocufind T Vi &
zydzx sin zdx :
{y Y ) X ) {{y51n$003ydmdy
1 e? Jrd 4 2 i 2 y+2
T dzd
{ { Vadzdy { { (@+y)? 4T4Y I J (* + 242 4zq

}7\/1—% d f} 2ye*Vdxd § VI
— z4dzdy T ye™Vdx
00 00 ) '{ { md&ldm
rsinxdd 3 cosy ) z o
siny

_({ {y yax ‘({ {e dzdy {{ﬂycos(mf)dxdy
In2 1 12—z
{ [2ze~¥dyda { [ (2 — y)dydz

Yy T

2. Asagidaki integralleri sinirlarm sirasing degistirerek hesaplayiny;

13 . 8 2 11

[ [e® dzdy [ [ e dzdy I Va3 + 1dxdy

0 3y 0 ¥y 0 /5

VEVE 11 1

{ [ sinz’dedy [ [£=14gq, f f =34y /662 gy
Yy 0y 0 y2/3

1 1 5 1z 3 9

[ [e¥dydz [ [ 222 dzdy | Jycosz2dzdy

0 2z 0 my 0 42

11 N
{ { P’%Edydﬂ: f f sin 52 dyda [ [3siny’dydz

0 z2
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3, Bs apdaki iki kath integralleri hesaplayins,

) g(ﬁxzya - 5y*)dA, R=10,3] x [0, 1)
" ff{fﬁyeydA’ R=1(0,2] x [0,3]
2] rsin(z +y)d4, R= [0,7/6] x [0, /3]
" Bﬁ?dA’ R=[1,2] x[2,3]
R
5. [[sinfz — yldA, R=1[0,7] x [0,1]
R
i ”ye—alr—y2|dA, R=[0,1]x[0,1),a e R
R
. fo(:chy)dA, B={(z,9):a <22 +y7 <b0<a< b}
8 fomydA, B={(zy):0<2z<1,e?<y<z+1}
9. ij (22 +3y)dA, B ={(z,y):22% <y <2y7)
10. fo\/EdA, B={(z,y):0<y<1l,y<z<e¥}
11. foev’dA, B={(z,9):0<y<1,0<z <y}
18, fo (z+y)dA, B,y=Inz, z =4,y =0 ile simirlanan bolge
13, fo(:c2 +4%)dA, B, y = 2,7y = 8,7 = 6 ve y = 0 ile suurlanan bolge
14, gezsz, B,y=z,y=0,z =2 ile simrh bolge
15. fg’(Qm —y)dA, B,y =z ve x = 2 — y? ile simrh bolge
16. fo(l ~y%)dA, B,z = Yvezr=1+ 1‘;- ile siirh bolge
ird IBI(&T +5y +1)dA, B, y=3z,y=%vex+ 3y = 10 ile simrh bolge

18, foz:cosydA, B,y =0,y =22 ve z = 1 ile siirh bolge
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4. Asagidaki fonksiyonlar i¢in Leibniz teoremini gercekleyiniz,

2. 9(=) = ,1([ In(z? + y%)dy

1
1. g(z) = {mdy
1

e — —T
3. 9(33) — ‘c{s;n—y“’_ﬂdy 4. 9(33) e "!;Wdy
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037 Algtarmalar:

1. As apidaki ki kath integralleri uygun degigken degisimi yaparak hesaplayiniz.

L ” cos(ﬂ )dA, R, koseleri (1,0),(2,0),(0,2) ve (0,1) olan dikdortgensel

hilge-
9 ”(:c-!-y)dA, R, koseleri (0,0), (2,3), (5,1), (3, —2) olan dikdortgensel bolge.
3 j ¢ —y)?sin(z + y)dA, R koseleri (m,0), (2, ), (m,2m) ve (0,7) olan
dikdt')rtgensel bolge.
4. [[(z+y)*dA, B koeleri (1,0),(2,2),(1,3) ve (0,1) olan paralelkenar.
B

5. [[sin(ZEL) cos(25%)dA, B koseleri (0,0),(2,0) ve (1,1) olan tiggen.
B

6. ff(?(ﬂ—y)sz, Bsy=2m_2ay=2$_41y= —z+2vey=—-c+4
B

dogrulan ile smirlanan bolge.

. [[zydA, B,y==x,y=—z,y=—-z+4 vey =x+2 dogrulan ile simirlanan
B
-bolge.

8. [ g %‘%dA, B birinci bolgede +y = 1 ve +y = 2 dogrular ve koordinat

eksenleri ile simirlanan bolge.

9. J"f—c;‘:?f —dA, Byy=2,y=2-1,2+2y=0ve z +2 = 2 dogrulan ile

smlrlanan bolge.

10. f [ sin(9z2 +4y2)dA, B, 9z +4y = 1 elipsinin birincj bolgede kalayn kism.

) fe(y‘m_) /w+o)dA, B,z+y= 1 dogrusu ve eksenler ile siir)y bolge
i :
12, [ fe“’2 dA, B,y= 0,z = 1 ve y = 2z dogrulan ile sinirly bolge
B

- )2 B= :
13, [P -y M BN 0y y o0 gy
B .
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14. féf%;—g—;%, B, birinci bolgede y = x, y = 3z dojgry

lar; ve Ty <o
hiperbolleri ile simirh bolge. Ve Ty ;
15. t+y)3dA, B,z +y=2ve x — 2y = 5 dos _
Il Y= dorulan ile g,y bo)
16. [[xy'dA, B,y = 22,y = 222, z = y Ve g — 92
B Y” parabg),. .
bolge. €ri {) S
1

2. Asapidaki integralleri yanlarindaki degisken de

layiniz. Sigimlerini kullanarak
h%ap.

1l 0 "

38 -
{ glog(l-i-x +y)dyde, T=Utvvey=q_,
1 14y

2. fl 1f V1+z2y?dzdy, c=uvey=14q
-1 1-y
3, 3§

3
3. _g {\/m‘l 61292 +y4dyd:n u =21y ve p — mz L

13
2x
4 3 & rd dx = T
) 1 u = ¥
‘!; ‘g 1.+e * cos? ysinc y y b} € COS‘y ve = em Slny

3. Kutupsal koordinatlardan faydalanarak B
) asagidaki i ;
B bolgesi iizerinden hesaplayiniz. * Integralleri, Yanlarnda;

; fg\/a;zj_ y?dA, B={(z,y): 22442 < a?}

bo

ffm: B={(=9):0<y<v3s,1<a?+yp <y
3. ff{(:r:2 +13%)dA, B={(z,y): 2%+ (y +2)? < 4)

4, foarctanfidA, B = {(z,y) : #* + 9% < 1,2,y > 0}

5, fosm\/mdA, B={(z,y): 7> <a®+4? <dr}
6.

[](2z +y)2dA, B, r =1 ve r = 2 cemberleri ile smirlanan bolge.
B

>0}
T, [[actantdd, B={(,y):1 <o 447 $4 -2 <150 2

z 4
Nt Bl 125 <Y
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=~

= 2 2
f f sin(® 2+y°)d4, B, o +y2 3y ile ¢ T =3, Cember]er; arasinda

bolg B i
jalan ffdA, B, r = 2(1 + cos6) kardioidinjy, diginda ve ;. _ 6cosp Semberinin
10
de ka Blan bolge-
nde : m dA, B,z +y% —\/3z = ¢ Semberinin jgin e vg 2 +y? =3
T
11 fnm digmda kalan btlge.
gheri
e

nidA, B,z*+y? =19 Semberinin iginde v 52 +y
13, [[ arctan z

P~dz43=
‘ﬁin diginda kalan bolge.
erl

b 2
gem ={z,9): 1< +y2 <4 191 < |}
13 ff arcten 34, B ={(z,y)
B

f T dA {( ,y):UEO, y>OVE3<$2+y2<9}

—— ’ B T z +

14‘[8 o T 2 2<4 2 2-_2 >0}
dA B‘—{( y) ,yZO,SL' Y s y L +y ]

. |]zyad, 4 e

15g

)dA, B, r=1+sin6 nn iginde ve y = 43 Un tistiinde kalan blge.
16. ff (z+y)as, B,

- birinci bélgede
2y + 2y? = 1 elipsinin
2 +2y%dA B:z?+
17, fj ba? + 2zy + 2y

kalan klsml

g gr

af—z W g
VaZ—z2 a —(z*+y )dyd,m

a ya‘—x 3 e
[T (x2+y2)3dyd$ Ja {
-a 0

\/a2—y?
1 y1-22 2 } f 72 +y )3/2dmdy
[ ] etV dyda Za. 0
0 0

4—y? 2,24
2 z i f f Ty dx Y
v =

r—
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2 V2z—22 3/2 /9—x2
S Y z2 + y? dydzr i J e ¥4
) \ ydx
V3zx
1 Vi—z2 — V2 VAa-y?
U i I | pmdzd
0 Y *+y Y
5. Asagidaki integralleri hesaplaymiz.
} }r sin Ordrdf j—;[' } sin @
00 5% .0 cos Ordrdp
% 1+sin @ I
1 2sin 20
cos frdrd
{ { rdf { { cos 20rdrdg
%f% 2 Sif“ 36 5 osind
rdrdf ro
= 1 é { sin 8rdrdg
} 2cosf - S
rOrdr -2 y
0 { g f f sin Ordrde
0 2sing
77 242 fcos ] X Jtcosd
rdrdf
0 2 fﬂ COS GTdeG
—3 3sech



